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[0  ABSTRACT  (Conllnuo  on  tovoroo  old*  II 


' We  consider  the  effects  of  a weak  ambient  magnetic  field  on  the  oscillating  two  stn  am  and 
parametric  decay  instabilities,  with  particular  emphasis  on  the  dependence  on  the  angular  variation 
of  the  Instability  thresholds  and  growth  rates  on  the  magnetic  field.  A dispersion  relation  is  derived 
in  the  limit  in  which  nt  (where  cj,  and  are  the  electron  plasma  and  cyclotron  frequencies 

respectively),  and  is  solved  for  dipole  and  monochromatic  pump  spectra.  The  analysis  shows  that 
the  presence  of  a magnetic  field  can  substantially  enhance  thresholds  and  reduce  growth  rates  for  — 

(Continues) 
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20.  Abstract  (Continued) 


waves  propagating  at  an  oblique  angle  with  respect  to  the  magnetic  field  and-h2X|  ~ ft2  /cj| 
(where  k is  the  wavevector  of  the  perturbation  and  X,  the  Debye  length).  Thus,  the  magnetic 
field  has  a stabilizing  influence  on  the  off-parallel  propagating  modes. 


' c-  ~ • 
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I. 


INTRODUCTION 


A great  deal  of  attention  has  been  focussed  on  the  study  of 
parametric  processes  in  plasmas  because  of  their  importance  to  both 
laser-  and  beam-plasma  interactions,  as  well  as  to  anomalous  heating 
mechanisms.  The  thrust  behind  the  present  work  is  directed  towards  an 
understanding  of  the  parametric  stabilization  of  beam-plasma  inter- 
actions. In  all  such  processes,  the  underlying  concept  is  a three  wave 
interaction  in  which  a large  amplitude  pump  wave  (wq,  excites  two 
new  waves  (uj,  J^i  and  m2,  ^2)  subject  to  the  requirements  that 
u>o  = ± U2  an<*  J^o  = Jfcl  - Jfc2*  In  the  case  of  beam-plasma  systems, 

stabilization  can  occur  due  to  the  nonlinear  transfer  of  energy  away 
from  beam  resonant  modes  via  a parametric  coupling  of  high  and  low 
frequency  waves.  Recent  work  in  this  regard1-5  has  dealt  largely  with 
unmagnetized  systems,  in  which  a wave-particle  resonance  is  possible 
only  for  longitudinal  electron  plasma  oscillations.  Nonlinear  coupling 
proceeds,  therefore,  between  high  frequency  Langmuir  and  low  frequency 
ion  acoustic  waves,  and  may  be  treated  within  the  context  of  the 
electrostatic  approximation. 

The  instability  which  arises  from  the  interaction  of  a large 
amplitude  Langmuir  pump  wave  and  secondary  (or  daughter)  Langmuir  and 
ion  acoustic  waves  has  been  extensively  studied  in  the  literature6-9  in 
a field-free  plasma,  for  which  two  fundamental  regimes  of  interest  are 
found.  One  case  occurs  for  mQ  > (Oj  and  (where  we  use  wj,  Jtj 

to  denote  the  secondary  Langmuir  wave) , and  is  referred  to  as  the  para- 
metric decay  instability.  In  the  opposite  case  in  which  mQ  < u>i  and 

] JcQ I < I J&l  I » tlie  oscillating  two  stream  instability  is  obtained.  We 
Note:  Manuscript  submitted  May  17,  1979. 
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observe  that  the  phase  velocity  of  the  secondary  Langmuir  wave  is 
greater  (less) than  that  of  the  pump  wave  for  the  parametric  decay 
(oscillating  two  stream)  instability. 


It  is  our  purpose  in  this  work  to  study  the  effect  of  weak 
magnetic  fields  upon  the  oscillating  two  stream  and  parametric  decay 
instabilities.  In  particular,  we  are  concerned  with  the  effect  of  the 
magnetic  field  on  the  angular  variation  in  the  instability  thresholds 
and  growth  rates.  Direct  application  of  the  work  is  primarily  to  the 
physics  of  electron  streams  in  the  solar  wind,  and  on  type  III  solar 
bursts*’  in  particular.  In  addition,  since  the  equations  governing 
the  oscillating  two  stream  and  parametric  decay  instabilities  are  the 
Fourier  transforms  of  the  equations  governing  Langmuir  solitons,  the 
work  has  implications  on  the  characteristics  of  Langmuir  solitons  in 
a weakly  magnetized  plasma. 

The  organization  of  the  paper  is  as  follows.  In  Sec.  II,  we 
define  the  physical  configuration  to  be  employed  and  derive  the  basic 
equations  governing  the  nonlinear  coupling  between  Langmuir  and  ion 
acoustic  waves.  These  equations  are  solved  in  Sec.  Ill  for  both  a 
dipole  and  monochromatic  pump  spectrum,  and  a numerical  analysis  is 
presented.  A summary  and  discussion  is  given  in  Sec.  IV. 
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II.  THE  BASIC  EQUATIONS 


The  fundamental  equations  which  describe  the  dynamical  behavior  of 

the  system  are  generalizations  of  Zakharov's  equations  for  Langmuir 

solitons10  to  a physical  configuration  which  includes  a uniform  ambient 

magnetic  field  J^(  ^ ) . We  write  the  ion  and  electron  density  in  the 

form  n.  ■ n + 5n  and  n « n + fin  + 6n  where  n is  the  ambient  densi- 
i o e o e o 

ty,  <5n  denotes  the  low  frequency  fluctuation  in  the  ion  and  electron 
densities,  and  6n^  is  the  high  frequency  component  of  the  electron 
density  perturbation.  In  addition,  we  assume  that  there  is  no  bulk 

flow  of  either  electrons  or  ions,  and  employ  6u.  and  6u  to  describe 

■vi  ve 

the  slow  perturbations  in  the  ion  and  electron  velocities,  and  6v  to 
describe  the  fast  electron  velocity  fluctuations.  Finally,  £ and  £ £ 
are  used  to  denote  the  low  and  high  frequency  components  of  the 
electric  field  perturbations. 

The  first  consider  the  equations  which  describe  the  high  frequency 
oscillations.  In  this  case,  the  electron  continuity  and  momentum 
transfer  equations,  as  well  as  Poisson’s  equations,  can  be  written  to 
lowest  order  as 


V • ££  « - 4ne£njt  (3) 
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where  v = (T  /m  ; denotes  the  electron  thermal  speed,  and 
e e e 


Q s leB  /m  cl.  It  should  be  noted  here  that  second  order  terms  in 
e o e 

6n  and  6y  have  been  neglected  in  (1)  and  (2).  Elimination  of  6n  and 
e ^e  e 

6^  from  (1)  - (3)  yields,  after  some  manipulation,  the  following 


result 


• ferir?  + u>2(l  + — \-3<d^ + .3u)2fi2x2v2\6E 

1 3t*  L^t^  e^  n^y  ee  ej  eeeHJ'v 


W2fi2 

e e 


(4) 


where  u’2  = Xg  = Ve^a,e’  ani^  ^(1  " j£z(j£z  * ^ ^ we  note  that 

V 2 V|j  • 6J£  = 7j2|  V • SJ£,  then  it  is  clear  that 


(&  '2  [if*  * “e*1-3^72*  + ne]  + “eilI7lla'3>I,2>)^ 


- "1  (,2!f  + Qi7i2i)  ir  % 


(5) 


After  Fourier  transformation  in  space,  (5)  becomes 


( 


Si 


9t«  + (“k  + aP  fi*  + P “k°e)  ‘tffc'0  ' 


- ♦ I-  h)  /< 


d3k' 


6n(^',t) 


W^)- 


(6) 


where  = u>2(l  + 3k2x2),  6^(J^,  t)  and  6n(J^,t)  are  the  spatial  Fourier 
amplitudes  associated  with  the  wavevector  Jc,  and  kjj  = Jc  • ^ . 


■ - — . - 
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The  fourth  order  linear  differential  operator  on  the  left-hand-side 


of  (6)  can  be  written  as  the  product  of  two  second  order  differential 
operators  (32/3t2  + w2)  (32/3t2  + w2),  where 


■5,2  'H  + ai>  4 [<“k  * °i>?  - 4 F“K]S- 


(7) 


and  reduces  to  the  usual  cold  plasma  resonance  frequencies  in  the  limit 
Te  ■*  0.  Substantial  simplification  occurs  only  in  the  limit  in  which 
ne  <<:  we  ^ wk’  where  (for  - k2-k|?j)  w2  = co£  + <kI/k2>  and 


u)2  - (kij/k2)^  correct  to  within  terms  of  order  (51  /to  )**.  In  this 
7 e e e 


e ' e'  e' 

regime,  Eq.  (6)  can  be  written  in  the  comparatively  simple  form 

(If  * “k  + p-  - - r- /dV«n<U-K,t-,W,t). 


(8) 


Finally,  if  it  is  assumed  that  6^(Jj.,t)  = ReJs^C^.t)  exp(-ia>et^  , where 
k6^()j,t)  - ^6c(Jj,t)  and  | (3/3t ) 6e  (Jf.,  t)  | «u>e  | 6c  (Jc , t ) | , then  it  follovs 


that 


(‘  It  ' ! “e(k*e>2  4 -is;/dV(rT’) 


x 6n(Jc-Jc',t)  6 e ( Jt ' , t)  (9) 


for  (kA  )2  <<  1. 
e 

In  the  treatment  of  the  slow  frequency  ion  oscillations  we  assume 
that  the  wave  frequency  is  much  greater  than  the  ion  gyrof requency  and 
the  wavelength  is  much  less  than  the  ion  Larmor  radius.  In  such  a 
regime  the  ions  are  effectively  unmagnetized,  and  we  write  the  ion 
continuity  and  momentum  transfer  equations 
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37  6n  + nc  7 ‘ “ 0, 


(10) 


Vi  77  5*i  “ eV  ' 7*i  - Vi 


7Sn. 


(11) 


If  it  is  assumed,  in  addition,  that  the  wave  frequency  w <<  k„v  . then 

II  e 

the  low  frequency  electron  response  can  be  described  by 

0 * - en  E - ^ - y T 7Sn, 

o'v  Te  e e 


(12) 


where  the  electron  inertia  has  been  neglected.  In  (11)  and  (12), 

, y a » and  T^(a  = i,e)  are  the  ion  and  electron  ponderomotive 
potentials,  ratio  of  specific  heats,  and  temperatures  respectively. 
Combination  of  (11)  and  (12)  immediately  yields 


(&  V ,2) 5"  -sr:'2'*! + *«’’ 


(13) 


where  c2  (y^Tj  + 'YeTe)/tni  is  acoustic  velocity.  It  can  be 
shown11*12  that  the  ponderomotive  potentials  are  given  by 
4>e  * (mi/me)4,1  = fij^'/STT  correct  to  within  terms  of  order  (0e/u>e)2  and 
X2  | V7  • 6jr  | / | | . As  a result,  we  may  write  that 


/ \ f (k-k' ) . k* 

+ k2c2|sn  (k,t)  = - X 6^/d3k’  IP"!  k-k*  |" 


x fieOj*. t)  + 0^  , k2*2j. 


(14) 
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Equations  (9)  and  (14)  constitute  a pair  of  coupled  nonlinear 
equations  for  the  high  and  low  frequency  perturbations.  In  order  to 
linearize  these  equations  we  assume  that  5e()^,t)  = eo(^,t)  + 6ei(J^,t), 


where  6zq  and  Sej  represent  Langmuir  pump  and  daughter  waves 
respectively  and  it  is  assumed  that  6 e j is  a small  perturbation.  The 
pump  spectrum  is  taken  to  have  a width  centered  about  and  for 

sufficiently  small  we  obtain 

(‘It  - 1 “e<kV!  4 <*.•'>  ' S;/d3k'  (rr) 


(15) 


and 


\ V2  f (JHp'V  / 

+ k'cs)  6n(^’°  = • T^rJ  d'k'  k*  i jt-k 1 ^0^’.t)5ef(k-k',t) 


+ z*  Ct-^’.tHcjCjt'.tA 


(16) 
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III.  THE  DISPERSION  EQUATION 

The  dispersion  equation  may  be  obtained  from  Eqs.  (15)  and  (16) 
by  means  of  Green's  function  techniques,  and  we  write 

V h ■ rk)  Vfe.f-f)  - - 2-5  (t-t ' ) , 


y It  ~ O Ge^.t-t')  - - 2-5 (t-t ' ) , 

+ k:c;J  Gn  Oc.t-t')  - - 2 -r  5 ( t — t 1 ) , 


where  we  define  for  convenience 


1 i k2  s'2 


Combination  of  (15)-(17)  readily  shows  that 


k-  r r ( ’ ) * Is ' 

f <"/dV  ptfet  <*•'- 


('o'V-1' 


)5c*(’s-^',t')  + ^(H'.t'iJE^^tMj, 


‘t'0  ’ -^/dt'/dV(rFK 


iSndj-Jc'.t')  coa’,t’). 


Ir  we  now  write  ^(Jc.t)  = e^)  exp(i.'^t)  and  eliminate  5£j  from 
(18)  and  (19),  we  find  after  some  lengthy  manipulations  that 


8 


r 


{0  + k2cs)  5n(fe’t)  = 64^n;  / fd\’\co(^)\2 


r \2 

* [(k’ljc-jc'l  )Ge* 


/ V 

mk¥V)  Ge 


]■ 


(20) 


where  we  have  made  use  of  (J^)  e*  (J^'  ) = 6 (J^-Jj,' ) | cq  ()^)  I 2 in  the 
derivation.  Upon  Fourier  transformation  of  (20)  with  respect  to  time, 
we  then  obtain 

r 
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i C W (K 1 ) 

2_k2c2  . _ 1 _£.  u)3 (kX  )2  / dV  -°-A_ 

s 4m,  e e J nT 

i o e 


x Ge*  + 


/W)*J6'\2 


C>e  ,w+oi' ) 


(21) 


where  W (Jj.' ) = | gq ( Jj. ' ")  | 2 / 8ti  is  the  spectral  energy  density  of  the  pump 
spectrum.  In  the  further  evaluation  of  (21),  we  employ  a cylindrical 
coordinate  system  aligned  with  the  ambient  magnetic  field  in  which  cp 
(or  cp ' ) denotes  the  azimuthal  angle.  As  a consequence,  the  dispersion 
equation  takes  the  form 

wo06’> 


m 


u2  _ k2c2  - - i u2(kX  )2  /d3k'  C-  — 
s z m , 6 6 n l 

i o e 


(22) 


(uiA  + to.)2  - (a)-3a)  kk * A*  cosij;  + U)0)2’ 
a l e e 2 
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where  lui^  (k\t>)- /2,  cos<|»  ^u^U*  + 'cos (<p-q>'  )J  /k  k', 


1 2 u> 


lb’  jk'  (k‘+k  ’ • ) (k 1 ■ k|-k • k^  1 • )--4k  ’k 1 'k^  1 (kcosi|>-k||)cosijij 
u\  kV7  [(k?+k,?)5-4k3k,icos2ii.]  * 


'"o  ^yk|j' (k*’+k,*’)-k  k'  (kjj+k^'^cosiJ/J 


(k-  +k'  ‘ V -4k*  k ' zco8*-(|» 


H,+6] 

I 2 c cos&  (u 


(wA  + V 


- u cosy  (ut- 'lu>  k k'\  cos4i  + ui-), 
k e e 


and  k-  - k‘*siirij'  u ( k • + k'*)*  - 4k-'k ' •’cos-'iji  j _I. 


A.  The  Dipole  Approximation 

The  dtpole  approximation  Is  recovered  In  the  limit  In  which  the 
wavelength  of  the  pump  tends  to  Infinity  while  the  wavelength  spread 
tends  to  zero,  and  we  write  W (k')**W  (2nk ' )- 'i5(  k ' )<5  (k.'. ) . Ambiguity 

O v O i 1 II 

remains,  however,  in  the  direction  of  the  electric  field  of  the  pump, 
and  we  choose  tilts  direction  to  be  parallel  to  ^ by  setting 
cos\Ji  - k„/k,  u>,  - (k; /k"’ )Q2/2m  , and  u>„  “ 0(1. e.,  we  take  the  limit 
J^’  ► 0 by  letting  k|  *•  0 first).  As  a consequence,  the  dispersion 
equation  in  tiu>  dipole  limit  is  of  the  form 
. m ka  W A k 


. m k it  w 
o l O « O 


n , t o it*  " vj 

u>*  - k ‘ i* * - r — . -y  ur  T'TJT* 

8 3 m.  k*  n T e ur  Sit 


Equation  (26)  can  be  analyzed  graphically  by  plotting  the  left 
and  right  hand  sides  versus  us  ': . This  is  shown  schematically  In  Fig.  1 
In  which 


Ku>2) 


and 


,.2  _ t.2-2 

w K cs « 


1 "V  kll 


h (m' ) - • . , — 

3 m,  k'  n T 


3 m,  k-’  n T 'A  u> 
l o e 


“A 


It  Is  clear  that  the  Instability  Is  purely  growing  (i.e.,  has  zero  real 
frequency),  and  occurs  only  If  R(u>r  - 0)  < L(w2  - 0).  The  threshold 
condition,  therefore  Is  of  the  form 


127) 


where  we  have  chosen  y " 1.  It  is  Important  to  recognize  that  while 
(fie/ioo);  has  been  assumed  to  be  small,  the  effect  of  the  magnetic 
field  on  the  threshold  condition  can  be  significant  when  (k\  )*  v<  l 
and  (k^/k)2  ^ 1. 


The  solution  to  Eq.  (26)  takes  the  form 


(28 1 


As  a result,  we  find  Immediately  that 


, m 
l e 

3 m . 


k"  u).  W 
it  A c, 

,2  ft.  n T~ 
k k o e 


(2Q> 


a 

0 


ii 


in  the  limit  in  which  m /m  < 3(kX  )2  + (Q  /u  )2(k  /k)2  < W /n  T . In 

c 1 c c e i o o e 

the  opposite  case,  in  which  3(kA  )2  + (Ji  /u  )2(k, /k)2  < W /n  T and 

c c e j»  o o e 

me/mi»  we  find  that 


i m m “A 

#1.2  ^ I _e  I'  2 ^ 

“ “ 3,.P“e  kV 


W 


^rf:'^(3k2Ae  + 


o e 


so  that  peak  growth  occurs  for 

.2 


(kV2  - j 


* L + Vl\  _ 

k2  n T V T / 
o e ' e / 


fi2  k2 

e x 

TJ  Z7 


with  a growth  rate  of 


max 


- 1 (k«  “o  Y /,  + va-  2 
■ 4 l^vj  V + T7  * 


(30) 


B.  The  Case  of  a Monochromatic  Pump 

In  this  case  we  assume  that  the  pump  spectrum  is  aligned  with  the 
ambient  magnetic  field  and  choose  WQ(k')  = Wq  (2Trk^  ' )" 1 6 (k  ' ) 6 Ck^  ' — k ). 
Thus,  we  have  that  cos*  = k,(/k,  0 = k2k2  [ (k2  + k2)2  - ^k2]"1, 


and 


, n2  / k2  \ 

ui  - izr®  y1  + v?y 


°J  n k«k„ 

~®  ~p“ 

e 


It  is  important  to  recognize  that  the  value  of  0 for  k±  - 0 and 

kll  “ ± k0  is  dependent  on  the  order  in  which  the  limit  is  taken.  The 

source  of  the  ambiguity  is  that  this  limit  implies  an  interaction  with 


12 


.J 


a dipole  (i.e.,  i.  ■ 0)  daughter  wave,  and  one  must  then  specify 
the  direction  of  the  oscillation  electric  field  of  the  daughter  waves. 
We  shall  assume  In  the  remainder  of  this  work  that  the  wave  electric 
field  of  the  daughter  spectrum  Is  parallel  to  the  pump  (and  to  In 

this  limit,  so  that  c(k  “0,  k„  • ± k ) - 0.  With  this  borne  in  mind, 
Eqs.  (22)-(25)  can  be  shown  to  reduce  to  the  following  quart lc 
equation  In 


, m W 
1 e o 


(ui-u>_)  - 3 m n T u^‘u)&ilf(ui,)^.k0^r),  (31) 

1 o e 


where 


L K'k"  . 1 ''e  kI 
A 5*  x I * «#  (kS+kji  * 2kok* 


Eq.  (31)  lias  been  solved  numerically  tor  a wide  range  of 

wavelengths  and  directions  of  propagation  under  the  assumptions  that 

k \ » 0.01,  T.  * T , and  - 5/3.  Some  tvpical  spectra  are  shown  in 

o e it'  l 

Figs.  2 and  3,  In  which  we  plot  ■y/wp  (where  y • Imw)  versus  k\^  for 

several  values  of  (defined  to  be  the  angle  between  |c  and  J3^)  and 

1?  In  Fig.  2,  we  display  the  typical  characteristics  of  the 

spectrum  for  W /n  T ■ 0.001  and  (a)  0 /u>  ■ 0,  and  (b)0  /w  ■ 0.05. 

The  dotted  line  Indicates  the  pump  wavelength.  It  is  clear  that,  as 

expected,  the  spectrum  is  independent  of  0 for  the  case  of  parallel 

propagation,  for  which  peak  growth  occurs  at  k » for  the  parameters 

chosen.  It  should  be  remarked,  however,  that  this  is  not  a general 

characteristic  of  the  growth  rate  of  parallel  propagating  modes,  and 

that  peak  growth  occurs  at  k **  k for  W /n  T < 0.001  and  at  k ? k 
r o o o e o 
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for  > 0.001.  For  oblique  angles  of  propagation  the  growth 

rate  vanishes  in  the  vicinity  of  k = ko,  and  a double  peaked  structure 

appears  which  describes  the  parametric  decay  and  oscillating  two 

stream  instabilities.  The  presence  of  a magnetic  field,  typically,  has 

a stabilizing  influence  on  the  obliquely  propagating  modes.  In  both 

cases  shown  in  Fig.  2,  the  growth  rate  of  the  oscillating  two  stream 

instability  decreases  rapidly  to  zero  with  increasing  9,  and  the  range 

of  angles  over  which  instability  is  possible  decreases  with  increasing 

The  parametric  decay  instability  is  comparatively  less  sensitive 

to  the  magnetic  field  strength  for  the  given  parameters. 

Additional  structure  appears  as  the  pump  amplitude  is  increased, 

as  shown  in  Fig.  3 for  W /n  T =0.01.  In  this  case,  the  range  of  0 

o o e 

over  which  instability  for  k > kQ  occurs  is  enlarged,  and  additional 
structure  is  found  when  k = V.  . Specifically,  the  growth  rate  does  not 
vanish  for  k = k , and  an  additional  peak  is  found  when  k = k for 
small  r in  the  field  free  limit. 

In  order  to  shed  light  on  the  dependence  of  the  growth  rate  on  9 

and  ft  / u>  , we  plot  the  instability  threshold,  denoted  by  (W  /n  T ).,  , 
e e • o o e tnr 

versus  k\  in  Fig.  4 for  (a)  ft  /w  =0,  and  (b)  ft  /w  = 0.05.  It  is 
e 6 e e ’ e e 

evident  that  (W  /n  T ) . "V  (kl  )"  for  0 = 0°  as  in  the  limit  of  a 
o o e thr  e 

dipole  pump  (27);  however,  such  behavior  breaks  down  when  k - kQ  for 

oblique  angles  of  propagation.  Further,  it  is  clear  that  in  order  to 

excite  a full  angular  spectrum  for  k > kQ  a threshold  of 

W /n  T ^ 0.002(0.08)  is  required  for  ft  /w  = 0(0.05).  This  is  shown 
o o e e e 

in  more  detail  in  Fig.  5,  in  which  we  plot  (W  /n  T ).,  versus  ft  /w 

° r o o e thr  e e 

for  several  values  of  9 and  (a)  k = kQ,  and  (b)  k ■ 2kQ. 
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The  dependence  of  the  angular  range  of  the  oscillating  two 

stream  instability  on  is  shown  in  Fig.  6 in  which  we  plot  the  maxi- 

mun  growth  rate  y for  k ? k versus  6 for  k X » 0.01,  ft  /w  - 0. 

” max  o o e * e e 

0.05,  and  0.10,  (a)  W /n  T = 0.001,  and  (b)  W /n  T - 0.01.  Evidently, 

o o e o o e 

when  W /n  T “ 0.001,  instability  occurs  only  for  P ^ 10°  in  the 
o o e 

field-free  limit,  and  decreases  sharply  in  angular  extent  with 

increasing  JB  . As  the  pump  amplitude  increases  the  angular  spread  of 

the  excited  spectrum  also  Increases,  as  shown  in  the  figure  for 

W /n  T « 0.01.  In  addition,  while  y is  no  longer  a monotonically 
o o e max  ° 

decreasing  function  of  0 /w  for  all  6,  substantial  reductions  in  the 

e e 

growth  rate  are  seen  to  occur  over  a wide  range  of  angles  as  0 / to 

e e 

increases.  The  variation  of  v with  0 /to  is  shown  more  clearly 

max  e e J 

in  Fig . 7 . 

Finally,  we  point  out  that  for  W /n  T - 0.001  and  0.01,  the 

o o e 

parametric  decay  instability  shows  small  variation  with  and  P 

in  relation  to  the  oscillating  two  stream  instability.  This  is  due  to 

the  fact  that  these  pump  levels  are  above  thresholds  for  peak  growth 

with  k < k . This  is  demonstrated  in  Fig.  8 in  which  we  plot  y for 
o e r 'max 

k < k versus  0 /io  for  P **  0°,  20°,  40°,  and  60°,  k X =0.01,  and 
o e e o e 

(a)  W /n  T - 0.001  and  (b)  W /n  T - 0.01. 

O O 0 ' Q Q 0 
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IV.  SUMMARY  AND  DISCUSSION 

We  have  studied  the  parametric  decay  and  oscillating  two  stream 
instabilities  in  the  presence  of  a weak  external  magnetic  field,  and 
derived  a dispersion  equation  which  can  treat  the  case  of  pump  spectra 
with  small,  but  finite,  spreads  in  wavelength.  The  result  is  valid  for 
low  frequencies  and  weak  magnetic  fields  in  which  ft^  « w « k v^ 

(where  is  the  ion  gyrof requency)  and  ur  » ft^.  Since  u>  'v  kcs>  we 
must  also  require  that  k<  /k  » m^/m^.  It  should  be  pointed  out  that  in 
(7)  to.  , describe  the  upper  and  lower  hybrid  frequencies  respectively, 
and  that  in  this  limit,  therefore,  the  high  frequency  oscillations  may 
also  be  considered  as  upper  hybrid  waves. 

A few  remarks  are  in  order  concerning  the  relationship  between  the 
directions  of  the  ambient  magnetic  field,  the  pump  spectrum,  and  maximum 
growth.  For  the  cases  considered  here,  in  which  the  pump  spectrum  is 
aligned  with  the  ambient  magnetic  field,  the  direction  of  maximum  growth 
is  found  to  be  colinear  with  as  well.  While  it  is  difficult  to  deter- 
mine a general  rule  concerning  this  relationship,  insights  into  the 
general  angular  spectrum  of  the  daughter  waves  can  be  obtained  by  con- 
sideration of  the  dipole  limit.  In  this  case  we  let  (9^ and  (6, 9) 
denote  the  polar  and  azimuthal  angles  of  the  pump  and  daughter  waves 
respectively,  and  find  that  Wj  = (ft* /2u>e)  (sin20  - sin-'O^),  * 0, 

cosip  - cos9  cos9(i  + sinO  sin9?  cosfc,;-^),  to  * sin*'')),  * u>A  +•  u>, , and 

,2., 


flf  » cos*i)i.  As  a consequence,  the  instability  threshold  is  of  the 

form  (W  /n  T ) , « 2 cos~‘'i)i  ft.  (1  + y.T./T  ).  Minimizing  this  with 

00  e thr  k'  i i e 

respect  to  6 for  constant  (k,q))  yields 
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o co8(v^0)  [x  - 77  (jkv  + co*  ®o)  ] • 


tan  0 - tan  0 


Examination  of  (13)  shows  that  the  minimum  threshold  and,  hence, 
maximum  growth,  for  given  k.  Is  colinear  with  the  pump  wave  only  (1)  In 
the  field-free  limit,  and  (2)  for  0 ■ 0 (i.e.,  when  the  pump  and  ^ are 

aligned)  In  a magnetized  plasma. 

For  the  sake  of  simplicity,  solutions  to  Eqs.  (22)— (25)  are 

restricted  to  the  cases  of  dipole  and  monochromatic  pump  spectra  which 

are  In  alignment  with  and  a substantial  modification  of  the  angular 

character  of  these  instabilities  Is  found  to  occur  when  k-X-  x 

e e e 

In  particular.  Instability  thresholds  tend  to  he  enhanced,  and  growth 
rates  decreased,  for  waves  propagating  at  an  angle  with  respect  to 
We  conclude,  therefore,  that  a small  external  magnetic  field  acts  as  a 
stabilizing  influence  for  waves  with  finite  k^  and,  since  k\^  -O'  1 for 
manv  applications  of  practical  interest,  can  be  an  important  considera- 
tion in  the  stabilization  of  beam-plasma  interactions  even  for  weak 
field  levels.  Finally,  because  the  dynamical  equations  for  the  oscil- 
lating two  stream  and  parametric  decav  instabilities  are  the  Fourier 
transforms  of  the  equations  which  define  Langmuir  solitons'*,  we  specu- 
late that  weak  magnetic  fields  may  act  to  inhibit  soliton  collapse  in 
the  direction  transverse  to  R . 
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Schematic  representation  of  graphical  analysis  of  the  dispersion 
equation  in  the  dipole  limit 


Fig.  2 — Tiie  growth  rate  vs.  wavevector  of  the  oscillating  two  stream  and 
parametric  decay  instabilities  for  \V0/n0Te  = 0.001,  k0\e  = 0.01,  fal  = 

and  (b)  S!e/we  = 0.05 
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Fig.  3 — The  growth  rate  vs.  wavevector  of  the  oscillating  two  stream  and 
parametric  decay  instabilities  for  W0/n0Te  = 0.01,  kGXe  = 0.01,  (a)  ne/coe  = 0, 
and  (b)  J2e/u>e  = 0.05 
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